In this paper, we study the propagation of singularities for a class of pseudodifferential operators having characteristics of variable multiplicity. We do not assume the characteristics to be in involution, in the sense that their Hamilton fields satisfy the Frobenius integrability condition. Instead, we assume that the characteristic set is a union of hypersurfaces tangent of exactly order k 0_-> 1 along an involutive submanifold of codimension d0_->2. This means that the Hamilton fields are parallel at the intersection, and their Lie brackets vanish of at least order k0 there. We also assume a version of the generalized Levi condition. One example, with ko=l, is the wave operator for uniaxial crystals, i.e. trigonal, tetragonal and hexagonal crystals. The main result is stated in Theorem 1.3, and it shows that the wave front set of the solution is propagated along the union of the Hamilton fields of the characteristic surfaces.
O. Introduction
In this paper, we study the propagation of singularities for a class of pseudodifferential operators having characteristics of variable multiplicity. We do not assume the characteristics to be in involution, in the sense that their Hamilton fields satisfy the Frobenius integrability condition. Instead, we assume that the characteristic set is a union of hypersurfaces tangent of exactly order k 0_-> 1 along an involutive submanifold of codimension d0_->2. This means that the Hamilton fields are parallel at the intersection, and their Lie brackets vanish of at least order k0 there. We also assume a version of the generalized Levi condition. One example, with ko=l, is the wave operator for uniaxial crystals, i.e. trigonal, tetragonal and hexagonal crystals. The main result is stated in Theorem 1.3, and it shows that the wave front set of the solution is propagated along the union of the Hamilton fields of the characteristic surfaces.
The method of proof is to reduce the operator to a first order diagonalizable system --see Proposition 2.3. By the geometry of the problem and the Levi condition, this can be done using the general symbol c/asses of the Weyl calculus. For this system the Cauchy problem is well posed, and the parametrix is constructed using Lax' method of oscillatory solutions --see Proposition 3.4. The oscillatory solutions are conormal distributions with non-standard symbols, so we need some calculus lemmas in the appendix. The special symbol classes make it possible to "blow up" the singularity of the characteristics as in [10] . The contributions outside the singularity may then be taken care of, and we are left with solving a microlocal system of pseudo-differential operators along the leaves of the singularity, which is done in Section 4. Finally, the singularities of the parametrix are analyzed in Section 5.
There have been many studies of singularities of solutions of symmetrizable hyperbolic systems, see [15] and references there. Nosmas [12] has studied the involutive case. Kumano-go and Taniguchi [8] have constructed parametrices for diagonalizable systems, but since they consider classical symbols, their results are not directly applicable here. The results on the propagation of singularities for the system in Proposition 2.3 may be obtained by the method of energy estimates of Ivrii [6] (see also [16] ). For scalar operators, the case when the characteristics have transversal involutive self-intersection has been analyzed in [1] , [9] , [13] and [14] . Melrose and Uhlmann [10] considered the case of conical involutive singularity of the characteristic set. Morimoto [11] studied operators on the form (2.12) below, but with involutive characteristics. Ivrii [7] considered operators with L ~ bounds on the Poisson brackets at double characteristic points.
In this paper, we shall consider classical, or polyhomogeneous, pseudo-differential operators. These have symbols which are asymptotic sums of homogeneous terms. But we shall also use the more general symbol classes of the Weyl calculus. Since all our metrics are split, we can use the standard calculus of pseudo-differential operators with these symbol classes. For notation and calculus results, see [5, Chapter 18 ].
Statement of result
We are going to study the pseudo-differential operator P(~';ho(X) on a C ~ manifold X. Let p=a(P) be the principal symbol and 2;=p-1(0) the characteristic set. Assume, microlocally near (x0, 40)~22, This means that the Hamilton fields of Sj do not have the radial direction (4, 0e}. Also, the k 0: th jets of Sj coincide on Ez, but no ko + 1 : th jet does, and the surfaces only intersect at E~ in a neighborhood of (x0, 40). Observe that the surfaces need not be in involution, in the sense that their Hamilton fields satisfy the Frobenius integrability condition. Since p is homogeneous in 4, 2;i and Sj are conical. Next we assume, microlocally near (x0, 40), (1.2) I; 2 is an involutive manifold of codimension do => 2, and //(2;2) = X, where H is the projection: T*(X) --,-X.
Clearly the codimension cannot be equal to 1, and by non-degeneracy 2~, is a manifold near (x0, C0). In order to obtain conditions on lower order terms of P on the multiple characteristic set we assume the following version of the Levi condition. [2) . This means that p vanishes of order .nj at Sj\~,2, of order ,n o at 2~2, and P satisfies the Levi conditions on Sj and 27~ (see [2] ). We also have uniform conditions on lower order terms on X~=Z",,~2 when approaching 2~2. In order to avoid extra zeroes of the principal symbol at 2~, we assume
microlocally near (Xo, C0), where dkp is the k: th differential of p.
Clearly, (1.1), (1.2) and (1.4) are invariant under multiplication with elliptic pseudo-differential operators and conjugation by elliptic Fourier integral operators corresponding to canonical transformations preserving the projection condition: //(2~) =X. In order to obtain the invariance of (1.3) we need the following 
where t+ =max (t, 0). Then
Since )~ is a diffeomorphism, this completes the proof of the lemma. We shall now state the result for propagation of singularities for P. Since the surfaces are tangent at 2;2, their Hamilton fields are parallel. Since 2~2 is involutive and 2; 2 = n S j, the Hamilton fields of Sj are tangent to ~2, and they define the same flow there. 
These are non-radial, and tangent of order 2 at Z2 c~ {T ~ 0} = {r/0 =rh =t/~---0}, which is involutive of codimension 3.
Reduction to a first order system
We assume PEtP';hg(X ) satisfies ( where AtCC~(R, ~hg) and Ao=l. Now (1.3) gives more information about Aj, but we first have to introduce some symbol classes corresponding to the firs. Let
where (r ~/z, thus m~l+l//~l. Put
where #=ko/(ko+l), which gives h2=supg/gr
It is easy to see that g is a temperate. In fact, Lemma 2.1. Assume that P is given by (2.5) and satisfies (1.1)--(1.4) with m =m 0 and S~={z=0}, near wEZ~. Then A~EOpS(ml, g) and ( 
2.9) bj = e-i~sP(e~q'sa)ES(m~,+'-'~, g) near (to, Xo, ~o), for all aES(m~, g), if ~oi(t, x , 4) is homogeneous of degree 1 in 4, (t, x, dt, x~Oj)ESj near (to, xo, ~o), (to, Xo, dt, xq~j(to, Xo, 4o))=w, and (t, x, dt,~q~i)EZ2 when ~'=0.
Proof. First we observe that by solving { Otq~j + fl flt, x, dt, x~os) = 0 rpjlt=to = (x, 4), near (to, x0, 40), by Hamilton-Jacobi, we obtain r satisfying the conditions in the lemma. In fact, by Lemma 3.1 we have 0tO~,q~/-0 when 4'=0, and O~,q~j=~" at t=to. Let 
e=eI[l~_,~ Ox qgj(t,x, tl)O~r dt, xq)j), j< i,
where (by homogeneity) mo-j-1/71 +/~---mo-i-k. By the induction hypothesis and (3.5), (2.11) is bounded in S(m"mmo-J-lpl, g)=S(m"~ which gives (2.10). By using the expansion (A.6) for general a, we get (2.9). In order to prove A~EOp S(m i, g), we observe that when j=l, (2.10) gives
Since the symbol of P is a polynomial in z, we obtain the result, by considering the derivatives at {~=0}. Proof. First we observe that a(P) =p =IIq'~J, since it is a monic polynomial of degree m0 in ~, vanishing of order mj at ~ = -/~j. We shall consider the cases 14'1 c (4)", by using a partition of unity in S (1, g). When 14'1N c (4)~, we find S (m k, g) c S(1, g), Vk. Replacing D~ by //Q~J, where ~kj=k and kj<=mj, only changes terms of lower order in Dr. Thus we only have to consider 14'1=>c(~)". Let Observe that, since 14'1=>c(4~ ", we find qi
ing to (2.4). This proves (2.14) and the lemma. Now it is simple to reduce (2.12) to a first order diagonal system. We shall follow Morimoto [11] . We rename the factors by letting
Then we may rewrite (2.12) as (2.15)
with AJEOp S(I, g).
Assume Pu=f, uCN'(R"). Let U=t(uo,uo) 
The Cauchy Problem
We shall study the Cauchy problem for the No• o system
P : Dz ldNo4-K(t, x, D:,)
having the properties in Proposition 2.3. As in Section 2, we shall suppress the t dependence and we shall use the notation of that section. Thus KEOp S(m, g) has principal symbol k(t, x, ~) satisfying k is diagonizable in S(1, g), with real eigenvalues {flj}j=l ....... 
~O,~j+~j(t, x, d~,~j) = 0 (3.4)
[#j(0, x, r/) = (x, t/) for j = 1 ..... r0.
By Hamilton-Jacobi, this has a unique local solution, homogeneous of degree 1 int/.
Lemma 3.1. Let #j solve (3.4) with {[3j} satisfying the conditions in (3.1). Then we find that (pj(t, x, t/)=#j(t, x, ~/)-(x, r/> satisfies (3.5)
O~,r -0 when t/' = 0, ITI -< ko, Vj.
Proof. By (2.8), the eiconal equation gives 0.6) Or(P J+ Zt~l=ko+t ~(t, x, tl + dx~oj)(tf + d~,(pj) ~ = O,
and q~j (0, x, t/)-0. When r/' = 0 we get
~t~Pj+Zl,l=ko+ x ~(t, x, ti+ dxqgj)(dx, tpj) ~ = O,
so uniqueness gives cpj-0 when t/'=0. By differentiating (3.6)we find that Ot~,gj=_O when t/'=0, since d~,gj-O then. By induction over [Tl_-<ko we obtain the result. Now we define Ej: 8'(R n-l) ~ ~,(R=), j = 1 .... , r 0, as oscillatory integrals
Eju(t, x) = (2n)l-= ff efCOAt'x'r x, tl)u(y) dy dtl,
with aICS (1 , g ). Assume that aj is supported in a conical neighborhood of 0/' =0}.
By Lemma A.1 in the appendix, we get (3.8)
PEru(t, x) = (2z)~-"ff e~(r x, rl)u(y) dy drl,
where (3.9) 
bj(t, x, ~) = (O, q)j IdNo + k(t, x, d~ ~j))aj + Ljai + Rjaj,

Rj is continuous S(mih ~, g)-*S(mih ~+~, g), Vi, j, l, and
Ljaj = Dtaj-k Zi(O~,k) (t, X, dx~j)Dx, aj+ Mja 1,
afkES(m--k,g). The dominant term in (a t (~j IdNo + (k (t, x, d:, cp j) ) 4 = Z i (P~" ((fit-flj) ui) a~
where ~.f=f(t, x, d~q)j), so necessarily a~EIm * -* ~j re j-0 ~ej Ker ~j n v If we take a~=~j(O,x, q) at t=0, we obtain z~a~lt=o=Idso. The term in S(m-',g), r~0, in the expansion (3.9), is given by
Zi (I)~ ((fli-flJ)~i)afr-l + Ljafr-[-Rja} -r, since h<-m -1 (a)=O). Now c~;(fli-flj)ES(m, g) is invertible modulo S(m -~176 g)
according to (2.4) when j~i, since dx,~j=0([q'[) by (3.5) . Thus, it suffices to solve successively, with suitable initial data, 
{0'r=0
zq~jaj'= r>0 VI, at t=0.
If we do this recursively for r>0, we obtain the lemma.
Now the symbols in An S(m -n, g) are integrable in r/'. We obtain new symbol classes after integrating (3.8), according to the following lemma. (3.5) , then 
Lemma3.3. If a(t, x, ~1)EN~ S(m-S, g) has support where IO'l<-cl~"l, and q~(t, x, rl) is homogeneous of degree 1 satisfying
~PE~u = (2~z)ao-"ff ei<"'-'"'"">r~(t, x, y', rf') u(y) dy dtf' tZ/Eju]t= o =-u,
fDtE(~)+K(t,x,D~)E (~) ~ O, t>s,
Here EJ~) u(t, x) = (21r)x-" f f eif~Jct.~.")-~,n)) aj(t,x, 7) u(y) dy dT, j >= 1, 9 j solves (3.4), ajES(1, g), and E~o~)U(t, x) = (2~)do-" f f e~(~'-f ""' > ao(t, x, y', 7") u(y) dy dT',
where aoES~,u,o, v =#(do-1),/t =ko/(ko+ 1), do =codim $2.
The micro-local pseudo-differential operator
We are going to study the system " ~--r(t,x,z,rf'), t>0, 6S(1, g) . ei<Oy.O~> k(t, x, Of(t, y, z', rl")l~-~o.,.. )
Proposition4.1. Assume that k(t,x, OCS(m,g ) is a symmetrizable
modulo terms in ~,~o. Also, we may assume k supported where [r #")l<e (q") and Itl < c. By cutting off, we may assume k, f supported where (q")~ (qo'}, and fo, r having compact support. Put z=kqo~ =J, and let Clearly, we may assume v=0. (t,y,w,~l)ES(1, g~) , such that M~kx is symmetric modulo S (1, g~) . To complete the proof we need to solve (4.6) with f~S(1, ldwl2+ldyl 2) uniformly in 2. Going back, we obtain a solution in S~,u,0 to (4.1) modulo S~,~o.
Choose a partition of unity {Xj(Y, w)}~S(1, ldwl2+ldyl2), such that there is a fixed bound of the diameter of the supports of Zj, and on the number of overlapping supports. Replacing f0, r with zjfo, zjr, and translating in y, it sufifices to solve (4.6) with fESP uniformly, when fo, rEC~ uniformly with fixed support.
uniformly, we can replace k~(t, y, w, Dy) by kz(t, w, Dr)=kz(t, O, w, Dy) in the system (4.6). By taking M;. (t, w, r/)= Ma (t, 0, w, ~/) we obtain that M;.k~ is symmetric, rood S(1, ga). Now taking the Fourier transform with respect to y in (4.6), we want to solve
~D,f(t, rl, w)+k~.(t, w, ~l)f(t, ~l, w) = f(t, ~l, w), t > O, (4.7)
tf(0, r/, w) =L(t/, w).
The unique temperate solution to (4.7) is given by
~l,w)=Fz(t, rl, w)(fo(q,w)+i f~ F~-l(s,~l,w)f(s, rl, w)ds),
if Fz(t, q, w) is temperate solution to 
fDtF~(t, n, w)+kx(t, w, q)Fa(t, ~1, w) = O, t > O,
The propagation of singularities
In this section, we shall construct a microlocal parametrix for the No• system P=D t ldNo+K(t , x, D~), where KEOp S(m, g) has principal symbol k satisfying (3.1), and study the propagation of singularities. This will be done by using Duhamel's principle and the parametrix for the Cauchy problem constructed by Proposition 3.4.
As before, it suffices to consider w=(0, 0, "'-/f r/o)e 2-Let 0s be the restriction to {t=s} and goE~,o have support in a conical neighborhood of w, such that w~WF (go-l) and N*{t=s}nWF g0=0, Vs, where N* is the conormal bundle. Then the composition O~orp is well defined, and we put Ef= f'_ E~%a, ogofds, fEe'(R"), 
PEr=
We shall study the singularities of this parametrix. Recall that Z=U~I S~, where Sj are non-radial hypersurfaces. Let CjcSj• be the forward (in t) Hamilton flow on Sj, j=l, ..., r0, and A* the diagonal in T*RnXT*R ". Proof of Theorem 1.3. As mentioned before, we only have to consider wE~a. By Proposition 2.3 it suffices to prove the propagation of singularities for the system P=Dt IdNo+K(t, x, D~) satisfying (3.1). The adjoint P* satisfies the same conditions, so by Proposition 5.1 we can construct a parametrix E for P* such that WF'Ec(u Ci)u A*, mierolocally near (w,w)EZ~XZ~. Cutting off, we may assume uEr and wEZ~\WF Pu. Then u~--E*Pu modulo Coo, and since we may change t to -t, this gives the result.
Appendix. Some calculus lemmas
We are going to study the composition of conormal distributions having non, standard symbols. Let bCS -*~. In fact, (3.5) gives t0-~l<_-olu'l, when r/is in a small conical neighborhood of {n.'=0}, and for small Q we find 101~+l~/l"=>c(lr When (A.7) holds for small e, we obtain 
